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Abstract
Let E be an order continuous Köthe function space (or an order continuous Banach lattice) and
X be a dual Banach space. Then E⊗ˆX, the projective tensor product of E and X, has the Radon–
Nikodym property if and only if both E and X do.
 2004 Elsevier Inc. All rights reserved.
For any Banach space X, denote by X∗ its dual space and by BX its closed unit ball.
Throughout this paper, let (Ω,Σ,µ) be a probability measure space and letM(X) denote
the space of all (equivalence classes of) strongly µ-measurable functions from Ω to X. Let
E be a Köthe function space over (Ω,Σ,µ) (see [11, p. 28] or [9, Chapter 3]), and let E′
denote its Köthe dual space, i.e.,
E′ =
{
g ∈M(R):
∫
Ω
∣∣f (t)g(t)∣∣ dµ(t) < ∞, ∀f ∈ E
}
.
Then E′ is also a Köthe function space with the norm
‖g‖E′ = sup
{∫
Ω
∣∣f (t)g(t)∣∣ dµ(t): f ∈ BE
}
.
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E∗. Let
E(X) = {f ∈M(X): ∥∥f (·)∥∥
X
∈ E}
and
‖f ‖E(X) =
∥∥∥∥f (·)∥∥
X
∥∥
E
.
Then (E(X),‖ · ‖E(X)) is a Banach space (see [9, Chapter 3]). Let
E′w∗(X∗) =
{
g ∈M(X∗): xg(·) ∈ E′, ∀x ∈ X}
and
‖g‖E′
w∗ (X∗) = sup
{∥∥xg(·)∥∥
E′ : x ∈ BX
}
,
where xg(·) means that 〈x,g(·)〉. Then (E′w∗(X∗),‖ · ‖E′w∗ (X∗)) is a normed space. Let
E〈X〉 =
{
f ∈M(X):
∫
Ω
∣∣〈f (t), g(t)〉∣∣dµ(t) < ∞, ∀g ∈ E′w∗(X∗)
}
and
‖f ‖E〈X〉 = sup
{∫
Ω
∣∣〈f (t), g(t)〉∣∣dµ(t): g ∈ BE′
w∗ (X∗)
}
.
Then (E〈X〉,‖ · ‖E〈X〉) is a normed space.
Remark 1. Let E be an order continuous Köthe function space. Lin and Sun [10] defined
E∗(X∗,w∗) to be the set of all weak∗ scalarly measurable function F such that ‖F(·)‖X∗ ∈
E∗, and defined a norm on E∗(X∗,w∗) to be
‖F‖E∗(X∗,w∗) = sup
{∫
Ω
∣∣〈F(t), f (t)〉∣∣dµ(t): f ∈ BE(X)
}
.
Then E∗(X∗,w∗) with this norm is isometrically isomorphic to the dual space of E(X)
(see [10] or [9, Chapter 3]). Here, E∗(X∗,w∗) is different from E′w∗(X∗) defined above.
Lemma 1. Let f ∈M(X). Then for each ε > 0, there exists gε ∈M(X∗) such that gε(t) ∈
BX∗ , µ-a.e. and∥∥f (t)∥∥ ∣∣〈f (t), gε(t)〉∣∣+ ε, µ-a.e.
Proof. Since f is strongly µ-measurable, by Pettis measurability theorem [8, p. 42], there
exists A ∈ Σ with µ(A) = 0 such that f (Ω \ A) is a separable subset of X. Thus there
exists a sequence {xn}∞1 in X such that
f (Ω \ A)⊆ span{xn}∞1 .
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An =
{
t ∈ Ω \A: ∥∥f (t) − xn∥∥< ε/4}, n = 1,2, . . . .
Then An ∈ Σ for each n ∈ N and Ω \ A =⋃∞n=1 An. Let B1 = A1 and Bn = An \ (A1 ∪· · · ∪ An−1) for n 2. Then {Bn}∞1 is a petition of Ω \ A. Choose x∗n ∈ BX∗ such that
‖xn‖
∣∣x∗n(xn)∣∣+ ε/2, n = 1,2, . . . ,
and for each t ∈ Ω \A, define
gε(t) =
∞∑
n=1
x∗nχBn(t).
Then gε ∈M(X∗) with
gε(t) ∈ BX∗ , t ∈ Ω \A.
Moreover, for each fixed t ∈ Ω \A, there exists n ∈N such that t ∈ Bn ⊆ An. Thus gε(t) =
x∗n and ‖f (t) − xn‖ < ε/4. Therefore∥∥f (t)∥∥ ∥∥f (t)− xn∥∥+ ‖xn‖ ε/4 + ∣∣x∗n(xn)∣∣+ ε/2

∣∣〈xn − f (t), x∗n 〉∣∣+ ∣∣〈f (t), x∗n 〉∣∣+ 3ε/4

∥∥xn − f (t)∥∥+ ∣∣〈f (t), gε(t)〉∣∣+ 3ε/4

∣∣〈f (t), gε(t)〉∣∣+ ε. 
Proposition 2. Let E be a Köthe function space. Then E〈X〉 ⊆ E′′(X) and ‖ · ‖E′′(X) 
‖ · ‖E〈X〉. Moreover, if fn ∈ BE〈X〉 and f ∈ E′′(X) such that limn fn = f in E′′(X). Then
f ∈ BE〈X〉 .
Proof. First we want to show that E〈X〉 ⊆ E′′(X) and ‖ · ‖E′′(X)  ‖ · ‖E〈X〉. Let f ∈
E〈X〉. For each h ∈ E′ and each ε > 0, there exists, by Lemma 1, gε ∈M(X∗) such that
gε(t) ∈ BX∗ , µ-a.e. and∥∥h(t)f (t)∥∥ ∣∣〈h(t)f (t), gε(t)〉∣∣+ ε, µ-a.e.
Note that ‖hgε‖ |h|, µ-a.e. implies that hgε ∈ E′(X∗) ⊆ E′w∗(X∗). Thus∫
Ω
∣∣h(t)∣∣ · ∥∥f (t)∥∥dµ(t) ∫
Ω
∣∣〈f (t), h(t)gε(t)〉∣∣dµ(t)+ ε
 ‖f ‖E〈X〉 · ‖hgε‖E′
w∗ (X∗) + ε
 ‖f ‖E〈X〉 · ‖h‖E′ + ε < ∞.
Since h is arbitrary in E′, ‖f (·)‖X ∈ E′′, and hence f ∈ E′′(X). Moreover,
‖f ‖E′′(X) = sup
{∫ ∣∣h(t)∣∣ · ∥∥f (t)∥∥
X
dµ(t): h ∈ BE′
}
 ‖f ‖E〈X〉 + ε.Ω
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‖f ‖E′′(X)  ‖f ‖E〈X〉.
Next we want to show the second part. Let fn ∈ BE〈X〉 and f ∈ E′′(X) such that
limn fn = f in E′′(X). Fix ε > 0 and g ∈ E′w∗(X∗). Since g is strongly µ-measurable,
by Pettis measurability theorem [8, p. 42], there exists a countably valued function, say
h =∑∞i=1 x∗i χAi , where x∗i ∈ X∗, Ai ∈ Σ , and Ai ∩ Aj = ∅ for i = j , such that∥∥g(t) − h(t)∥∥
X∗ < ε, µ-a.e.
Thus ‖g(·) − h(·)‖X∗ ∈ E′, and hence g − h ∈ E′(X∗). Moreover,
‖g − h‖E′(X∗) =
∥∥∥∥g(·)− h(·)∥∥
X∗
∥∥
E′  ε‖χΩ‖E′ .
Let s(t) = sign〈f (t), h(t)〉 and hi(t) = s(t)x∗i χAi . Then hi ∈ E′(X∗) ⊆ E(X)∗ ⊆
(E′′(X))∗ for each i ∈ N. Since limn ‖fn − f ‖E′′(X) = 0, limn〈fn − f,hi〉 = 0 for each
i ∈N. Hence for each fixed m ∈ N, there exists n0 ∈N such that∣∣〈fn0 − f,hi〉∣∣< ε/m, i = 1,2, . . . ,m.
Therefore
m∑
i=1
∣∣∣∣∣
∫
Ai
〈
f (t), s(t)x∗i
〉
dµ(t)
∣∣∣∣∣

m∑
i=1
∣∣∣∣∣
∫
Ai
〈
fn0(t)− f (t), s(t)x∗i
〉
dµ(t)
∣∣∣∣∣+
m∑
i=1
∣∣∣∣∣
∫
Ai
〈
fn0(t), s(t)x
∗
i
〉
dµ(t)
∣∣∣∣∣
=
m∑
i=1
∣∣〈fn0 − f,hi〉∣∣+
∣∣∣∣∣
m∑
i=1
∫
Ai
〈
fn0(t), θis(t)x
∗
i
〉
dµ(t)
∣∣∣∣∣ (θi = ±1)
 ε +
∣∣∣∣∣
〈
fn0 ,
m∑
i=1
θis(·)x∗i χAi
〉∣∣∣∣∣ ε + ‖fn0‖E〈X〉 ·
∥∥∥∥∥
m∑
i=1
θis(·)x∗i χAi
∥∥∥∥∥
E′
w∗ (X∗)
 ε + 1 · ‖h‖E′
w∗ (X∗).
Letting m → ∞,
∞∑
i=1
∣∣∣∣∣
∫
Ai
〈
f (t), s(t)x∗i
〉
dµ(t)
∣∣∣∣∣ ‖h‖E′w∗ (X∗) + ε.
Thus ∫
Ω
∣∣〈f (t), h(t)〉∣∣dµ(t) =
∣∣∣∣∣
∫
Ω
〈
f (t), s(t)h(t)
〉
dµ(t)
∣∣∣∣∣
=
∣∣∣∣∣
∫ 〈
f (t),
∞∑
i=1
s(t)x∗i χAi
〉
dµ(t)
∣∣∣∣∣=
∣∣∣∣∣
∞∑
i=1
∫ 〈
f (t), s(t)x∗i
〉
dµ(t)
∣∣∣∣∣
Ω Ai
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∞∑
i=1
∣∣∣∣∣
∫
Ai
〈
f (t), s(t)x∗i
〉
dµ(t)
∣∣∣∣∣ ‖h‖E′w∗ (X∗) + ε.
It follows that∫
Ω
∣∣〈f (t), g(t)〉∣∣dµ(t) ∫
Ω
∣∣〈f (t), g(t) − h(t)〉∣∣dµ(t)+ ∫
Ω
∣∣〈f (t), h(t)〉∣∣dµ(t)
 ‖f ‖E′′(X) · ‖g − h‖E′(X∗) + ‖h‖E′
w∗ (X∗) + ε
 ‖f ‖E′′(X) · ε‖χΩ‖E′ + ‖g‖E′
w∗ (X∗) + ‖g − h‖E′w∗ (X∗) + ε
 ‖f ‖E′′(X) · ε‖χΩ‖E′ + ‖g‖E′
w∗ (X∗) + ‖g − h‖E′(X∗) + ε
 ‖f ‖E′′(X) · ε‖χΩ‖E′ + ‖g‖E′
w∗ (X∗) + ε‖χΩ‖E′ + ε.
Letting ε → 0,∫
Ω
∣∣〈f (t), g(t)〉∣∣dµ(t) ‖g‖E′
w∗ (X∗) < ∞.
Since g is arbitrary in E′w∗(X∗), f ∈ E〈X〉 and ‖f ‖E〈X〉  1. 
Corollary 3. (E〈X〉,‖ · ‖E〈X〉) is a Banach space.
Corollary 4. The inclusion map from E〈X〉 to E′′(X) is a semi-embedding, i.e., E〈X〉
semi-embeds in E′′(X).
Proposition 5. Let E be an order continuous Köthe function space such that E′′ = E and
E is (norm one) complemented in its bidual, and let X be a separable dual Banach space.
Then E⊗ˆX, the projective tensor product of E and X, is (isometrically) isomorphic to
E〈X〉.
Proof. Define
ψ :E⊗ˆX → E〈X〉, z →
∞∑
k=1
ak(·)xk,
where
∑∞
k=1 ak(·) ⊗ xk is a representation of z. For each ε > 0, z ∈ E⊗ˆX admits a repre-
sentation
z =
∞∑
k=1
ak(·)⊗ xk
such that
∞∑
k=1
∥∥ak(·)∥∥E · ‖xk‖ ‖z‖E⊗ˆX + ε.
For each g ∈ E′ ∗(X∗),w
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∣∣∣∣∣
〈 ∞∑
k=1
ak(t)xk, g(t)
〉∣∣∣∣∣dµ(t)
∫
Ω
∞∑
k=1
∣∣〈ak(t)xk, g(t)〉∣∣dµ(t)
=
∞∑
k=1
∫
Ω
∣∣ak(t)〈xk, g(t)〉∣∣dµ(t) ∞∑
k=1
∥∥ak(·)∥∥E · ∥∥〈xk, g(·)〉∥∥E′

∞∑
k=1
∥∥ak(·)∥∥E · ‖xk‖ · ‖g‖E′w∗ (X∗)  ‖g‖E′w∗ (X∗)(‖z‖E⊗ˆX + ε)< ∞.
Thus
∑∞
k=1 ak(·)xk ∈ E〈X〉, that is, ψ(z) ∈ E〈X〉, and hence ψ is well defined. Moreover,
from the above inequality,∥∥ψ(z)∥∥
E〈X〉  ‖z‖E⊗ˆX + ε.
Letting ε → 0,∥∥ψ(z)∥∥
E〈X〉  ‖z‖E⊗ˆX. (1)
Next we want to show that ψ is an isomorphism and onto. Let f ∈ E〈X〉 and K =
(BE∗∗ ,weak∗)× (BX,weak∗). Then K is a Hausdorff compact space. Define
J :E′w∗(X∗) → C(K), g → Jg,
where
Jg(ω) = 〈a∗∗, xg〉, ∀ω = (a∗∗, x) ∈ K. (2)
Then J is well defined and
‖Jg‖C(K) = ‖g‖E′
w∗ (X∗).
Now define Ff on J (E′w∗(X∗)) by
Ff (Jg) = 〈f,g〉 :=
∫
Ω
〈
f (t), g(t)
〉
dµ(t), ∀g ∈ E′w∗(X∗). (3)
Then Ff is a bounded linear functional on the subspace J (E′w∗(X∗)) of C(K) with
‖Ff ‖ = ‖f ‖E〈X〉.
By Hahn–Banach theorem, Ff can be norm-preserved extended to F˜f ∈ C(K)∗. Moreover,
by Riesz representation theorem, there exists a regular Borel measure ν on K such that
F˜f (φ) =
∫
K
φ(ω)dν(ω), ∀φ ∈ C(K), (4)
and
|ν|(K) = ‖F˜f ‖ = ‖Ff ‖ = ‖f ‖E〈X〉. (5)
Now define
h1 :K → E∗∗, ω = (a∗∗, x) → a∗∗.
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K
∣∣〈h1(ω), b∗〉∣∣d|ν|(ω) ‖b∗‖E∗
∫
K
∥∥h1(ω)∥∥E∗∗ d|ν|(ω) ‖b∗‖E∗ · |ν|(K) < ∞.
Thus h1 is Gel’fand integrable. Define
h2 :K → X, ω = (a∗∗, x) → x.
Then h2 is weak∗ continuous and hence, weak∗ ν-measurable. Note that X is separable.
By [8, Corollary 4, p. 42], h2 is strongly ν measurable. Moreover,∫
K
∥∥h2(ω)∥∥d|ν|(ω) |ν|(K) < ∞.
Thus h2 is Bochner |ν|-integrable. By [8, Lemma 3, p. 172], for each ε > 0, there exist a
sequence {xk}∞1 in X and a sequence of Borel measurable subsets {Bk}∞1 in K such that
h2(ω) =
∞∑
k=1
xkχBk (ω), |ν|-a.e., (6)
and
∞∑
k=1
‖xk‖ · |ν|(Bk)
∫
K
∥∥h2(ω)∥∥d|ν|(ω)+ ε  |ν|(K)+ ε. (7)
By (2)–(4), for each g ∈ E′w∗(X∗),
〈f,g〉 = Ff (Jg) =
∫
K
Jg(ω) dν(ω) =
∫
K
〈a∗∗, xg〉dν(ω).
For each x∗ ∈ X∗ and each b∗ ∈ E∗, putting g = x∗b∗ in the above equality,
〈f,x∗b∗〉 =
∫
K
〈
a∗∗, x∗(x)b∗
〉
dν(ω) =
∫
K
〈
h1(ω), b
∗〉x∗h2(ω) dν(ω)
=
∫
K
〈
h1(ω), b
∗〉 ∞∑
k=1
x∗(xk)χBk (ω) dν(ω)
=
∞∑
k=1
∫
Bk
x∗(xk)
〈
h1(ω), b
∗〉dν(ω) = ∞∑
k=1
x∗(xk)
〈
a∗∗k , b∗
〉
, (8)
where a∗∗k is the Gel’fand integral of h1 over Bk . Note that for each b∗ ∈ E∗ and each
k ∈ N,
∣∣〈a∗∗k , b∗〉∣∣=
∣∣∣∣∣
∫ 〈
h1(ω), b
∗〉dν(ω)
∣∣∣∣∣
∫ ∥∥h1(ω)∥∥ · ‖b∗‖d|ν|(ω) ‖b∗‖ · |ν|(Bk).Bk Bk
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From (7) and (9),
∞∑
k=1
∥∥x∗(xk)a∗∗k ∥∥E∗∗ 
∞∑
k=1
‖x∗‖ · ‖xk‖ ·
∥∥a∗∗k ∥∥E∗∗  ‖x∗‖
∞∑
k=1
‖xk‖ · |ν|(Bk)
 ‖x∗‖(|ν|(K)+ ε).
Therefore
∑∞
k=1 x∗(xk)a∗∗k converges in E∗∗. Since E is order continuous, E′ = E∗ and
hence, norms ‖ · ‖E′′ and ‖ · ‖E coincide in the space E = E′′. By Proposition 2, f ∈
E〈X〉 ⊆ E(X). Thus for each x∗ ∈ X∗, x∗f ∈ E. From (8),
〈x∗f,b∗〉 = 〈f,x∗b∗〉 =
〈 ∞∑
k=1
x∗(xk)a∗∗k , b∗
〉
.
It follows that
x∗f =
∞∑
k=1
x∗(xk)a∗∗k . (10)
Now let P :E∗∗ → E be a (norm one) projection, and let ak = Pa∗∗k for k ∈ N. Define
z =
∞∑
k=1
ak ⊗ xk.
From (5), (7), and (9),
‖z‖E⊗ˆX = inf
∞∑
k=1
‖ak‖E · ‖xk‖ inf
∞∑
k=1
∥∥a∗∗k ∥∥E∗∗ · ‖P‖ · ‖xk‖
 ‖P‖ · inf
∞∑
k=1
‖xk‖ · |ν|(Bk) ‖P‖ ·
(|ν|(K)+ ε)
= ‖P‖ · (‖f ‖E〈X〉 + ε). (11)
Letting ε → 0,
‖z‖E⊗ˆX  ‖P‖ · ‖f ‖E〈X〉. (12)
Thus z ∈ E⊗ˆX. Moreover, since x∗f ∈ E, from (10),
x∗f = P(x∗f ) =
∞∑
k=1
x∗(xk)Pa∗∗k =
∞∑
k=1
x∗(xk)ak. (13)
Similarly as (11),∥∥∥∥∥
∞∑
ak(·)xk
∥∥∥∥∥ 
∞∑∥∥ak(·)∥∥E · ‖xk‖ ‖P‖ · (‖f ‖E〈X〉 + ε).
k=1 E(X) k=1
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∑∞
k=1 ak(·)xk ∈ E(X). By Proposition 2 again, f ∈ E〈X〉 ⊆ E(X). From (13),
f (·) =
∞∑
k=1
ak(·)xk, µ-a.e.
Therefore ψ(z) = f and hence, ψ is onto. Moreover, from (1) and (12),∥∥ψ(z)∥∥
E〈X〉  ‖z‖E⊗ˆX  ‖P‖ ·
∥∥ψ(z)∥∥
E〈X〉.
Thus ψ is an isomorphism. 
The following lemma comes from [11, Theorem 1.c.4, p. 34].
Lemma 6. Let E be an order continuous Köthe function space. If E is weakly sequentially
complete, then E′′ = E.
Lemma 7. Let X and Y be Banach spaces and S be a closed separable subspace of X⊗ˆY .
Then there are closed separable subspaces W of X and Z of Y , respectively, such that S is
a closed subspace of W⊗ˆZ.
Proof. Let S be a closed separable subspace of X⊗ˆY , and let D = {un}∞1 be a countably
dense subset of S. Then for each fixed m ∈N, un has a representation
un =
∞∑
k=1
x
(n,m)
k ⊗ y(n,m)k , n = 1,2, . . . , (14)
such that
∞∑
k=1
∥∥x(n,m)k ∥∥ · ∥∥y(n,m)k ∥∥ ‖un‖X⊗ˆY + 1/m, n = 1,2, . . . . (15)
Let
W = span{x(n,m)k : n,m,k = 1,2, . . .}
and
Z = span{y(n,m)k : n,m,k = 1,2, . . .}.
Then W and Z are closed separable subspaces of X and Y , respectively. Moreover, from
(14) and (15), un ∈ W⊗ˆZ for each n ∈ N and
‖un‖W ⊗ˆZ  ‖un‖X⊗ˆY + 1/m, n = 1,2, . . . .
Letting m → ∞,
‖un‖W ⊗ˆZ  ‖un‖X⊗ˆY , n = 1,2, . . . .
Obviously,
‖un‖ ˆ  ‖un‖ ˆ , n = 1,2, . . . .W⊗Z X⊗Y
158 Q. Bu, P.-K. Lin / J. Math. Anal. Appl. 293 (2004) 149–159Thus
‖un‖W ⊗ˆZ = ‖un‖X⊗ˆY , n = 1,2, . . . .
Hence (S,‖ ·‖X⊗ˆY ) = closure of (D,‖ ·‖X⊗ˆY ) = closure of (D,‖ ·‖W ⊗ˆZ) ⊆ W⊗ˆZ. There-
fore S is a closed subspace of W⊗ˆZ. 
Theorem 8. Let E be an order continuous Köthe function space and X be a dual Banach
space. Then E⊗ˆX, the projective tensor product of E and X, has the Radon–Nikodym
property if both E and X do.
Proof. Let S be a closed separable subspace of E⊗ˆX. By Lemma 7, there are a closed
separable subspace E1 of E and a closed separable subspace X1 of X such that S is a
subspace of E1⊗ˆX1. Since X has the Radon–Nikodym property, by [8, Corollary 8, p. 198]
there is a subspace X2 of X such that X1 is a subspace of X2 and X2 is separable dual.
Note that on S,
‖ · ‖E1⊗ˆX1 = ‖ · ‖S = ‖ · ‖E⊗ˆX  ‖ · ‖E1⊗ˆX2  ‖ · ‖E1⊗ˆX1 .
Thus ‖ · ‖S = ‖ · ‖E1⊗ˆX2 on S and hence, S is a subspace of E1⊗ˆX2. Since E has the
Radon–Nikodym property, E1, as a subspace of E, has the Radon–Nikodym property,
too. Hence E1 does not contains a copy of c0. By [11, Theorem 1.c.4], E1 is comple-
mented in its bidual and E1 is weakly sequentially complete. It follows from Lemma 6
that E′′1 = E1. By Corollary 4 and Proposition 5, E1⊗ˆX2 is (isometrically) isomorphic
to E1〈X2〉 which semi-embeds in E1(X2). Since E(X) has the Radon–Nikodym property
(see [7,13]), E1(X2), as a subspace of E(X), also has the Radon–Nikodym property. Note
that E1⊗ˆX2 = E1〈X2〉 is separable. It follows from [3, Theorem 1] that E1⊗ˆX2 has the
Radon–Nikodym property. Hence S, as a subspace of E1⊗ˆX2, has the Radon–Nikodym
property, too. Therefore we have shown that every closed separable subspace of E⊗ˆX
has the Radon–Nikodym property and hence, E⊗ˆX has the Radon–Nikodym property,
too. 
It is known that a separable order continuous Banach lattice is isometrically isomorphic
to a Köthe function space (see [11, p. 25] or [9, Chapter 3]). This yields the following
Corollary 9. Let E be an order continuous Banach lattice and X be a dual Banach space.
Then E⊗ˆX, the projective tensor product of E and X, has the Radon–Nikodym property if
both E and X do.
Remark 2. Bourgain and Pisier [2] constructed an L∞-space X with the Radon–Nikodym
property such that the projective tensor product X⊗ˆX contains a copy of c0. Hence X⊗ˆX
does not have the Radon–Nikodym property.
Remark 3. Let X and Y be Banach spaces. It is well known that if X∗ has the approxi-
mation property then X∗⊗ˆY is isometrically isomorphic to N (X,Y ), the space of nuclear
operators from X to Y . By Andrews’ result [1, Theorem 7], if X∗ has the approximation
property then N (X,Y ) has the Radon–Nikodym property whenever X∗ and Y do. Thus
Q. Bu, P.-K. Lin / J. Math. Anal. Appl. 293 (2004) 149–159 159in special case that X is a dual space with the approximation property, Theorem 8 is a
consequence of Andrews’ result.
Remark 4. Let G be a compact metrizable Abelian group, Γ be the dual group of G, and
let Λ be a subset of Γ . From [4–6] we know that for 1 < p < ∞, Lp[0,1]⊗ˆX has I-Λ-
RNP (respectively, II-Λ-RNP) whenever X does. From [12] we know that if Λ is a Riesz
set of Γ and E is a separable Köthe function space that semi-embeds into L1(µ), then
E(X) has type II-Λ-RNP whenever X does. Also from [12] we know that if E has type I-
Λ-RNP and X has type II-Λ-RNP, then E(X) has type I-Λ-RNP. However, here we can not
derive the same result about type I-Λ-RNP (respectively, type II-Λ-RNP) as Theorem 8.
The point is that, in the proof of Theorem 8, we use the fact—a dual Banach space has
the Radon–Nikodym property if and only if each its separable subspace is contained in its
another subspace that is separable dual (see [8, p. 98]). But we know that a Banach space
with type I-Λ-RNP (respectively, II-Λ-RNP) does not guarantee this fact.
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